ABSTRACT. A density theorem of semisimple analytic groups acting on locally compact groups is presented.
the following
Theorem.
Let G be a semisimple analytic group without compact ¡actors acting on a locally compact group H continuously as a group of automorphisms.
If the set F AH) is dense in H, then G acts trivially on H.
The theorem generalizes some results in [2] , [4] and is closely related to the density property of certain subgroups in semisimple analytic groups without compact factors. The result of Corollaries 4.1 and 4.2 is contained in [2] , [4] .
In the sequel, we shall use the term "G acts on H" fot "G acts on H as a group of automorphisms".
1. Minimally almost periodic groups. Let G be a locally compact group. We recall that G is minimally almost periodic if there are no nontrivial continuous homomorphisms /: G -* G of locally compact groups such that the closure C1(/(G)) of ¡(G) in G is compact. Minimally almost periodic groups have been widely studied. Yet for our need, we shall establish some lemmas concerning minimally almost periodic groups. Lemma 1.1. Let G be a minimally almost periodic group acting continuously on a locally compact group H, and N be a closed G-invariant normal subgroup of H. Hence / is a continuous homomorphism. We know that Cl(Gh) is compact.
C1(/(G)), being contained in h~ Cl(Gh), is evidently compact. Therefore / has to be trivial; equivalently g(h) = h for every g in G. Since the set F AH) is dense in H, it follows readily that G acts trivially on B. with g.. in R. It is easy to show that the map g -► (g..) (g £ G) is a continuous homomorphism f of G into GL(/, R). Since all the entries g., (l < i, j < l, g £ G)
are bounded, we conclude /(G) has compact closure in GL(z, R). Hence / has to be trivial, and the lemma is proved in case that A is compactly generated. Remark. In the preceding lemma, we assume only that the set FAA) is dense in A. In general we do not know whether the set FAA0) = FAA)Ci A° is dense in A°. That is why we consider first compactly generated open subgroups of A rather than the subgroup A°.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Hence it suffices to show that G/N is trivial in our case. Clearly G/N still satisfies all the assumptions in (ii). But, by a theorem of Freudenthal, a connected maximally almost periodic locally compact group is the direct product of a compact group and a vector group. Hence one concludes readily that G/N is trivial, i.e., G = N is minimally almost periodic. 3. Linear Lie groups. Let GL(t2, C) (resp. gl(?2, C)) be the group of all 72 by « nonsingular complex matrices (resp. the Lie algebra of all 72 by tj complex matrices).
Clearly gt(/2, C) is the Lie algebra of GL(t2, C) and the exponential map exp: o>t(n, C) -» GL(t2, C) is just the usual one. Let k be any positive number.
We denote by 0¡í(n, C; k) the set of all elements X in <¡l(n, C) such that the imaginary parts of all the eigenvalues of X lie in the open interval (-k, k). Let G be any Lie subgroup of GL(tz, C) and g its Lie algebra. We write g , G and exp^ for g 09U«. C; k), exp(g ) and the restriction of expx on g x respectively. Proof. G acts on G through conjugation. By the theorem FciG) = Z(G).
Clearly g is in FC(G). G) is a homomorphism of G into Z(G). Since G is semisimple, this map has to be trivial. Therefore a(g) = g for all g in G, i.e., a is the identity map of G.
